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It is proved that for every finite graph H of maximal degree n+1> 3 and every € > 0,
there is an integer t(H,¢) such that every finite graph of average degree at least n+e¢ and
of girth at least t(H,¢) contains a subdivision of H.

Introduction

It was proved in [13] that every finite graph of minimum degree 6(G)=n+1
and girth 7(G) large enough contains a subdivision of the complete graph
on n+ 2 vertices K, 2. This implies that every finite graph G of average
degree 2n and 7(G) large enough contains a Kn+2, where H denotes any
subdivision of the graph H. This follows by the fact that every finite graph
G with ||G|| >n|G| >0 contains a subgraph of minimum degree n+1, where
|G| and ||G|| denote the vertex number |V(G)| and the edge number |E(G)|
of the graph G=(V(G), E(Q)), respectively. It was conjectured in [15] that
even |G|l > ™G] > 0 suffices for the existence of a K, 42 in G, if 7(G) is
large enough. The truth of this conjecture is a consequence of the following

(1.1) Theorem. For every integer n > 2 and every € > 0, there is a least
positive integer t(n,€) such that every finite graph G with |G| > (5+€)|G| >0
and 7(G)>t(n,e) contains a K,1s.

Theorem (1.1) does not remain true for e =0, since there are n-regular
graphs of arbitrarily large girth (for instance, cf. [17] Chap. 6 or [20] Chap.
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8.8). It is generalized in the following main result of this paper, where A(H)
denotes the maximal degree of the graph H.

(1.2) Theorem. For every finite graph Hy with A(Hp)>3 and every € >0,
there is a least positive integer t(Hy,€) such that every finite graph G sat-
jsfying G| > (% +¢)|G| >0 and 7(G) >t(Hy,€) contains a subdivision
@) Ho.

This result implies obviously Theorem 2 in [13], where it was shown that
every finite graph G of minimal degree 6(G) > A(Hy) >3 and of sufficiently
large 7(G) contains an H.

It was proved in [11], that for every finite graph H, there is an m € N
with the property that every finite graph G with ||G|| > m|G| > 0 contains
an H. So we may define the real valued function fi(H) :=inf{r>0:every

finite graph G with |G| >7|G| >0 and 7(G) >t contains an H} for every

finite graph H and every t€N. It can be shown as in [11] for d(n), that for
every 2-connected H, fi(H) is even the minimum of the real numbers r in
the braces. For “insignificant” ¢ we write f(H):= fi(H) = fo(H) = f3(H),
where we should mention that “graph” here always means “loopless graph
without multiple edges”. Since for H with n := A(H) > 3 the existence of
(n — 1)-regular graphs of girth at least ¢ also shows f;(H) > %, we can
write Theorem (1.2) in the following equivalent form.

(1.3) Theorem. For every finite graph Hy with A(Hg) >3, tlim fi(Hp)=
—00
% holds.

In section 3 we will determine f;(Ky) completely: We will prove there,
1

fi(Ky) = tt_il_j for all t > 3. For t = 3, this had been shown by G. A.
2

Dirac in [5] and K. Wagner in [21]. In particular, the above formula implies
fi(Ky) = fi41(K,,) for n=4 and odd t > 3. Does this remain true perhaps
for all n? (Such a result cannot be true for all graphs, since, for instance, for
a circuit C of length 4, we have f3(C) =32, but f4(C)=1. For it is easy to
show that a graph G without a C has ||G|| < 3(|G|-1), and equality occurs
for graphs which arise from a triangle by successively pasting a new triangle
on a vertex.)

In [14], f(K5)=3 was proved. This implies f4(K5)=3, as the complete
bipartite graphs K3, show. No other values f;(kK,) for n > 5 are known.
It was conjectured in [15] (cf. also [16]) that f5(K5)=2 holds, and from a
positive answer to question (3.11) in [16], fn2(Ky1) < 5 would follow for
all n€N. It was proved in [2] and [9] that f(K,) grows as n>.
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For K, i.e. the complete graph K5 minus one edge, f(K;) = % was
proved in [18] and f5(K5 ) <2 in [15]. I do not know examples which show
f5(K5 ) =2 and I would more incline to believe f5(K5 ) < 2. This latter
would imply that for every integer ¢, there are only finitely many graphs G
with ||G|| > 2|G|—c and 7(G) > 5 which do not contain a K . This statement
was proved for ¢<5 and conjectured for ¢=6 in [15].

We mention some terminology and notation. Primarily, “graph” in this
paper always means a finite, undirected, loopless graph without multiple
edges. A multigraph may have multiple edges, but no loops. An edge be-
tween the vertices x and y is denoted by [z,y] and for ACV(G) or a sub-
graph ACG,G(A) denotes the subgraph of G induced by A. For ACV(G)
and H C G, we write ANH := ANV (H), and z € G means z € V(G). Let
G—2:=GV(G)—A{z}) for x € G and G —z := (V(G),E(G) — {z}) for
x € E(G). A graph G is triwial, if |G| =1. Let V,(G) :=={zx € G: dg(z) =
n},Von(G):={z€G:dg(x) >n} etc., where dg(x) is the degree of z in G.
The corresponding numbers are denoted by |G|y, |G|sn etc.

For ACV(G) or ACG,0(A) :={[a,b] € E(G):a€ A and b¢ A} and
Ng(A) :={z: there is an [a,z| € 0(A) with a € A}; for A={a}, we write
Jc(a) and Ng(a). The set of components of G is denoted by C(G). A branch
of a tree T at teT is the CeC(T —e) not containing ¢ for an e € dp(t). For
x,y€ G, dg(x,y) is the distance of z and y an G. Let d(G) = max, da(z,y)

denote the diameter of G and By, (z) :=G({y € G : dg(z,y) <m}) the ball
of radius m around x € G. The branch vertices B(G) of a subdivision G of
G are the vertices of G which correspond to the vertices of G. H is called
a topological minor or topological subgraph of G, if there is an H C G. For
a set S, let P,(S):={S5"CS:|S’|=n} denote the set of all n-subsets of S.
We delete the subscript for the graph in the notation above, if it seems clear
which graph it refers to. Let N denote the set of positive integers and for a
non-negative integer m let N,,,:={n€N:n<m}. A path P in a graph G is
considered as a subgraph, but often given in the form P:xg,21...,2;, where
V(P)={zo,x1,...,21} € Pi+1(V(G)) is numbered along the path P. A path
P:xg,z1,...,2; s called an xg,x;-path. An a, X -fan F of order n for an a € G
and X CV(G—a) or X CG —a consists of a,z;-paths P, in G for i=1,...,n
with an n-set X":={z;:i€N,} and V(P;)NV(P;)={a} for 1<i<j<n. We
call X’ the set of endvertices of F and say, F' ends in X’'. The connectivity
number of a graph G is denoted by k(G).
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2. Preliminary results

In section 3 we will reduce Theorem (1.1) for n=2 to the well known result
that every G with §(G) > 3 contains a Kj. This is normally due to G.A.
Dirac, but was proved by H. Hadwiger before.

Theorem HD. ([4] and [7]). Every graph G with §(G) >3 contains a Kj.

(A simple proof of this result is pointed out in [12], Bemerkung 1.)
C. Thomassen noticed in [19] that large girth of a graph has the same
effect for the existence of minors as large minimum degree.

Theorem T ([19]). For every graph H, there is an integer t(H) such that
every graph G with 6(G)>3 and 7(G)>t(H) has H as a minor (i.e. G has
a subgraph G’ contractible to H).

The main tool in our proof of Theorem (1.1) will be a result proved
independently by Larman/Mani and Jung. There we need the concept of n-
linked graph. A graph G is called n-linked, if |G| >2n and for every n disjoint
pairs (},23) of Vertlces of G (hence {z’:j €N, and i €Ny} € Py, (V(G))),
there are disjoint x],x -paths in G for j € N,,. It is easy to see and well
known that every n-linked graph is (2n—1)-connected. A reverse connection

is given in the Theorem of Larman/Mani and Jung.

Theorem LMJ ([10] and [8]). For every n €N, there is a least integer g(n),
so that every g(n)-connected (finite!) graph is n-linked.

The only known values of g are g(1)=1 and g(2) =6([8]). One can find
easy examples which show g(n)>3n—2. On the other side, the good upper
bound g(n) <22n was proved by B. Bollobas and A. Thomason in [1].

Now a few lemmata used in the proof of Theorem (1.2) for A(Hp)>4 in
section 4.

(2.1) Lemma. Assume n,d€N and e >0 satisfy Z (n—1)"> 2L >1. Then

every graph G with ||G|| > (5+¢)|G| >0 has the property that V>n(G) cannot

be covered by less than ch +% balls By(x).

Proof. The above condition on n and d implies n > 2 and d > 2. Let us
suppose that the statement is not true for G and d satisfying the conditions

above with n and e. Then there are x1,...,2, € G with k < Z{gfi so that
V' = Von(G) € UM, V(By(z;)). We may suppose Bg(x;) NV’ #  for all
i€Ny. Since [|G[|> 5 |G| implies |G|~ >1, hence k> 1, we get 4d+1<7(G).
Define B’ =G (Ba(r:) UUpevinpy(z;) Ba(x)) for i €Ny, and F:=G(UL, BY).




AVERAGE, DEGREE, GIRTH AND SUBDIVISIONS 255

Then B*C Byg(z;), hence d(B*) <4d and B' is a tree for i € Ny. If 7(F) < oo,
then 7(F) <k(4d+1) <7(G), since V(F) is the union of k subtrees B C F' of
diameter at most 4d (as easily seen, for instance, by induction on k). This
contradiction 7(F) < 7(G) shows that F' is a forest. We choose T € C(F)
and denote Y :=V'NT ={y1,...,ym}. Let T" be the minimal subtree of T
containing Y. Then

(1) D dri(yi) <2m—2 < 2],
i=1

as easily seen by induction on m, since V4 (T") CY # (). Consider any edge
ly,2] € E(T)—E(T") with y €Y and let C, be the branch of T" at y containing
z. We show now

(2) 1+ Z da(z') < (n+2€)|C;|.
ZECZ

Proof of (2). Since V'NC, =0 by definition of T",dg(2") <n for all 2’ € C,. If
there is a 2’ € C, with dg(2") <n, then 143", da(2") <n|C;| < (n+2¢)|C.|.
So we may assume V(C,) CV,(G). Since yey, V(Cz) CVp(G), and T is a

tree containing By(y), we get |C,|> Z (n—1)"> & by preassumption, which
implies (2). |

Denote Z:=Ng(Y)—-V(T")CV(T) and R:=V(T)— (Y UU,c V(C>)).
Then (1) and (2) imply

> da(x) ZdT’yz + Y 1+ > da() + D da(x)
(3) zeT z2€Z z'eC, TER
<2m + Y _(n+ 26)|C.| + n|R| < (n + 2€)|T],
z€Z

since n > 2.

Since dg(z) <n for all x € G—V(F) by definition of F, by adding (3)
over all T € C(F), we get 2||G|| =3 ,cqda(z) < (n+2€)|F|+n|G—-V(F)|<
(n+2¢)|G|. This contradiction to our preassumption proves lemma (2.1). §

(2.2) Lemma. Let A+# () be a set of vertices in the graph H with m :=
)(m 1)LT(H) 1J

m—2

O(H) > 3 satisfying ¢ := |[Ny(A)| < m. Then |A| > (m
holds.
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Proof. Consider any a € A # () and set t:= L%J Then T := By(a) —
{[z,y] € E(H) :dg(z,a) =dg(y,a) =t} is a tree. There are at least m —c
branches of T' at a which do not contain a vertex of Ny(A). Every such

t—1 ‘
branch B is contained in H(A) and has |B|> > (m—1)'= m=1'~1 Hence
i=0

m—2

|A|Zl+(m—c)w. 1

m—2
In the next lemma we will consider a digraph, for which we will use similar
notation as for graphs. We mention only that an z,y-path in a digraph is a
continuously directed path from z to y.

(2.3) Lemma. If a graph G has the property that there is an n € N such

that ||G'|| <n|G'| for every G' CG, then there is an orientation G CG such
that for all z€ G, outdegree did (x)<n holds.

Proof. For a digraph H, define Dy (z) :=max{d};(z)—n,0} for x € H and
D(H):=3,cgDu(x). Consider an orientation G of G such that D(a) is
least possible. We have only to show that D(@) =0.

Suppose D(@) > 0. Then there is an z € G with D@(z) > 0. Consider
X :={x € G: there is a z,z-path in ﬁ} Suppose there is an x € X with
d% () < n. Then there is a z,z-path P in G. Let G arise from G by

reversing the orientation of all edges of P. Since d% (z) > n, we conclude

D(ﬁ) <D(6)7 contradicting the choice of G. So we have d%(w) >n for all

2 € X. Since there is no edge in G with tail in X and head in V(G)-X
by definition of X, we get [|G(X)||=>",cx d%(x) >n|X]|, since did(z) > 0.
This contradiction proves lemma 3. ]

The condition in lemma (2.3) implies that every non-empty G’ C G has

a vertex = with dg/ () <2n Hence there is obviously an orientation G of G
so that did (x) <2n for all x€G. This would also be enough for the proof of

Theorem (1.2).

3. Determination of f;(Kj,)
In this section, we will consider in detail the case n =2 of Theorem (1.1)
and prove that every graph G with 7(G) < oo and

> 11221 X4 6 - (@)
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contains a K. Furthermore, for every ¢ >3, there are infinitely many graphs
41 )
G with 7(G)=t and |G| = b—li—j|G|—Lt—i1—J, which do not contain a Ky, and
2 2

we will characterize all these graphs.

But first we will show that for n=2=A(Hy)—1, Theorem (1.1) and The-
orem (1.2) are easily reduced to Theorem HD and Theorem T, respectively.
In this context, the following definition is convenient. An [-quasiedge of a
multigraph G is a path P:xq,...,x; in G of length [>1 such that dg(z;)=2
for i=1,...,l—1, and a quasiedge of G is an [-quasiedge of G for some [>1.
A mazimal quasiedge of G is a quasiedge P : xq,...,x; of G which is not a
proper subpath of a quasiedge of G, i.e. dg(z;)#2 for i=0,l or z( or z; has
degree 2 in G, say, dg(zg)=2 and Ng(zo)={z;:i=1,1}.

Proof of Theorem (1.2) for A(Hp)=3. Consider a positive € < 1 and
define [y := max{l € N : l_Ll > 1+4+¢€} > 2. Let G be a graph satisfying
IG|| > (1+¢€)|G| > 0 and 7(G) > 2ly. Choose Gy minimal in ({G' C G :
|G| > (14 ¢€)|G’| > 0},C). Obviously, 6(Gg) > 2. Let P:xg,x1,...,2; be a
quasiedge of Gp. If I > 1y, we would get ||Go—{z1,...,x1—1}| = ||Gol| — 1 >
(1+€)(|Go| — (I—1)) > 0, since 47 < 1+ ¢ by the choice of ly. Since this
contradicts the minimality of G, we conclude [ <ly. Consider a maximal
quasiedge P:xg,x1,...,x;. Assume dg,(29) =2 and Ng,(xo) ={z1,2;}. Then
C':= PU[z,x;] is a circuit of Gy and ||C|| =141 <ly+1 < 2ly, which contradicts
7(G) > 2ly. So we have dg,(xo) > 2 and dg,(z;) > 2, and different maximal
quasiedges of G are openly disjoint. Let Gy arise from G by replacing every
maximal quasiedge of Gg with an edge. Since [y is an upper bound for the

length of all quasiedges, 7(Gp) > %f) > 2 follows easily. Therefore, Gy is a

graph with §(Gg) > 3. So Gy, hence also G, contains a K, by Theorem HD
and, if we choose 7(G) large enough, it contains a topological minor Hy by
Theorem T, since for a graph H with A(H)<3,H is a minor of G, iff H is
a topological minor of G. (Of course, one could also apply Theorem 2 from

[13].) i

We will now describe a procedure for the construction of all multigraphs
without a Ky, the ”series-parallel graphs”. Similar (better: more or less the
same) constructions are found in the literature, for instance, in [6].

We get exactly all connected multigraphs without a Ky, starting from K,
and applying one of the following steps to a multigraph G yet constructed:

(M7) Add a non-trivial path P:xq,...,z; with V(P)NV(G)={zo} to G;
(Mj) Choose a quasiedge g, x1,...,x; of G and add an xy,x;-path P with
V(P)NV(G)={x¢,x;} and E(P)NE(G)=0.
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Obviously, all multigraphs constructed in this way do not contain a K.
That we get all connected multigraphs without a K, in this way, is an im-
mediate consequence of Theorem HD. For, let GG be a connected multigraph
without K;. We may assume that G is a non-trivial graph (by (My)) with
d(G) > 2 (by (M;)). Furthermore, we may assume |V (C)NV>3(G)| > 2
for every circuit C' in G by (Msz). Then the endvertices of every maximal
quasiedge of G have degree at least 3 in G. So we get a connected multi-
graph G on V>3(G) considering the maximal quasiedges of G as edges of G.
By Theorem HD, G has multiple edges and G is got from a smaller graph
by application of (My).

In a similar way one can show that one gets all 2-connected graphs with-
out a K, starting from a circuit and applying successively (M), where the
added path P always has length at least 2. Then all graphs in the steps of
the construction are 2-connected. If G is got from a circuit by application of
(Mz) m times, then |G||=|G|+m. For integers m >0 and k>2, let Cy ,, for
t=2k—1 and t=2k be a graph of girth t which we get from a circuit of length
t by applying (Ms) m times, where in every step the added path has length k.
It is easily seen that Cy ,, consists of m+2 openly disjoint a,b-paths of length
k for certain a#b from V (Cyy ) and that ||Cop || = %(|C2k7m| —2) holds.
In opposite to Coy p, the graph Co,_1 p, is not uniquely determined by m
and k for m>2, but always ||Cor—1,m|| = %(|C2k—l,m|_1)_l holds. For all
integers m >0 and k > 2, such graphs Coy,_1 p, exist, since 7(Cop—1,m) =2k—1
remains true, if, applying (Mz), we take an [-quasiedge there for [=k—1 or
l=F (which is possible). These graphs C} ,, are the extremal graphs for our
problem.

(3.1) Theorem. For every integer k> 2 the following statements (a) and
(b) are true.

(a) Every graph G with
() 1G] > (161 - 2).
(i) 7(G) >k,
and |G| > k+2 contains a K4 or equality holds in (i) and (ii) and G2 Cyy,
for an m>0;
(b) Every graph G with
() 1G> (G —-1) -1,
(ii) 7(G)>2k—1,
and |G| > k+1 contains a K, or equality holds in (i) and (ii) and G =
Cok—1,m for an m>0.

Proof. Define t(:=2k and ng:=k+2 in case (a) and to:=2k—1 and ng:=k+1
in case (b). The only graphs G with |G| =ng —1 satisfying (i) and (ii) are
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trees, and then equality holds in (i). Hence a forest of larger order cannot
satisfy (i), since the factor 2 at |G| is greater than 1. So (a) and (b) hold
for all G with |G| < tyg. Obviously, (a) and (b) are also true for graphs of
order tg.

Assume Theorem 3.1 is wrong and choose a counterexample Gy of least
order. Then |G| >tp, as we have seen above. Furthermore, §(Gp) >2 holds,
since for an ve V(Gy) with dg,(v) <1,Gp—v would satisfy the same condi-
tions (a) or (b) as Gy does, and even with strict inequality in (i). But then
K,CGo—v by the choice of Gy.

Suppose there are induced subgraphs G| and Gy of Gy with Gi UG, =
Go,|G1NG2| <1, and |G;|>2 for i=1,2. Since §(G) >2,G; Contains a circuit,
and hence |G; |>t0 for i=1,2. Since K4 Z G, we have 1Gill < 25 (1Gs| - )

in case (a) and [|G;[| < = 1(|G | —1)—1in case (b) for i=1,2 by the choice
of Gp. In both the cases, the addition of the corresponding inequalities for
G1 and Gy gives a contradiction to (i), using ||Go| = [|Gi1]| + ||G2|| and
|G1|+|G2| <|Go|+1. This shows that Gy is 2-connected.

Hence, by the construction for 2-connected graphs without K, given be-
fore Theorem (3.1), G arises from a 2-connected graph G, by application
of (Ms), since Gy is no circuit by (7) and |Gp| > tp. But this means that
there are distinct [;-quasiedges P; of Gy with the same endvertices a and b
for i=1,2 such that Go—V(P;—{a,b}) is 2-connected. Since 7(Go) >ty and
PiUP, is a circuit, we may assume [y > k. Set G:=Go—V (P, —{a,b}).

Suppose ll > k. Then there is an a,b'- subpath P of P; of length £+ 1.
Consider Gy :=Go—V (P—{a,b'}). Then G satisfies (i) with strict inequality
and (i7), and |G| > no—1. Hence |G| >n0 by the second sentence of this
proof and K, C C G{ by the choice of Gy. This contradiction K4 C Gy shows
Il = k. Then Gj, satlsﬁes the conditions in (a) and (b), respectively. Since
there is no K4 QG{),G{) is isomorphic to Cj, ., for an m >0 by the choice of
Go. But this implies Go=C}; 1, contradicting the choice of Gy. |

The maximal size of a graph on v vertices without a K, and the extremal
graphs (i.e. case (b) for k=2 in Theorem (3.1)) were determined by G.A.
Dirac in [5] and by K. Wagner in [21], respectively.

Remark. It is also possible to characterize the exceptions, if we take in
Theorem (3.1) in (7) the integer part of the right side.

Let to,no := [©]+2, and k= [} ] > 2 be as in Theorem (3.1) and
define zy, (v):= Ltotﬂz (v—2)]| for even ty>4 and z,(v):= Lig—ﬂ(v— 1)|—1 for
odd typ>3. As in the proof of Theorem (3.1), it is easily seen that a graph
G with |G| > 2, (|G|),7(G) > tg, and ng—1< |G| <ng—1+k—2=1tr—1 must
be a tree, and then |G| =z (|G|) holds.




260 W. MADER

Choose v>ty. We assume v—(ng—1)#0 (mod (k—1)), say, v—(ng—1)=
(m+1)(k—1)4r with 1 <r <k—2. Then we get a graph G not containing a Ky
with |G| =v,||G|| =2, (v), and 7(G) > to by subdividing edges of Cy, ,, and/or
adding vertices of degree 1 (i.e. by identifying exactly one vertex of Ks with a
vertex of the graph yet constructed), altogether r times. On the other side,
suppose G is a graph not containing a K4 with |G| =v,||G|| = 24, (v) and
7(G) >tp. Then it is seen in a similar way as in the proof of Theorem (3.1)
that after successive deletion of at most r vertices of degree 1 we arrive at
a graph, which can be constructed from a circuit by m-fold application of

(M2). |

4. Proof of Theorem 1.2

Of course, we may assume € < 1 in Theorem 1.2. Let a graph Hy be given
and let denote vg:=|Hy| and eqg:=||Hy||. We may assume n:=A(Hy)—1>3,
since Theorem 1.2 was proved for A(Hp)=3 in section 3. An upper bound
for the necessary girth ¢(Hy,e) will be specified by some numbers depending
on Hy and e which we will now define in advance.

(D1): co:=3(g(eg)+vo—1); hence co>3(3eo —2+v9—1)>3(3n+vyp).
(D2): mo:=max{co,2[f(Ho)]}-
(D3): dy denotes the least integer d satisfying (d—1)(0(—2)+2(0y—1) >mo,
where 56::max{”T+1,3}; since mo > co > 34(,, we see dy> 3.
d .
(Dy): bg:= i(mo—2)l; obuviously, bo>1+2dp.

2*0
(D5) [f(HQ)—‘ bo; since f(HO) = 2,t0 > 2bg.
(Dg): ho denotes the least integer h satisfying

6
(mop—1 )L P JZ"T‘“moto(mo— 2)+1; hence hy>5.
k—1 ‘
(D7): ko denotes the least integer k>6(2do+1) satisfying > (n—1)">1>1.

i=0
(Dg): 70 ::maX{ho(2d0 + 1), (4/€0 + 1)'1)0}.
Of course, Ty is a function of Hy and €. From D7) we get 19 > 24(2dp+1)vg

Notice that all numbers defined above are integers at least 3 with the
only exception of 4.

Proof of Theorem 1.2 for A(Hg)>4. Suppose there is a graph G with
|G|l > (5 +¢)|G| > 0 and 7(G) > 279 which does not contain an Hy. We
choose Gy minimal in ({G' CG:||G'[|> (5 4¢)|G'| >0}, C). Then, obviously,
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0 is connected and 6(G{)) > §. Hence §(Gj) >3 for n>4, but for n=3, this
means only 6(Gf)) > 2.

Let us assume n=3 and that there is an z € Gjy with dgy (z) =2. Suppose
there is a y € Ng (z) with dgy (y) = 2. But this implies |Gy — {z,y}| =
1Goll—3> (3+€)|Gh|—3> (3+€)|GH—{z,y}], a contradiction to the choice of
G{. Hence dgy (y) =3 for both the y € Ng (x). We now replace every x € G|
of degree 2 with an edge connecting the neighbours of z. In this way, we get
a graph Gy satisfying §(Go) >3,7(Go) > 10, and [|Go|| > (2 +¢€)|Go| >0.

Defining Gy :=Gj, for n>4, we can state

(1) Gy is connected and §y:=G5(Go) > 6 =max{ 2,3}

In the following we will work in G, which satisfies ||Gol| > (5§ +¢€)[Go| >0

and 7(Gg) > 79, but does not contain an Hy. All notation d(z), N(T) etc. is
meant in Gj.

(2) If d(T) < 24dy for a T C Gy, then T is an induced tree and, if addi-
tionally d(T') > dy, then O(T") >my.

Proof. Every T'C Gy with d(T') <24dp is a tree and an induced subgraph,
since 7(Gy) > 48dy+ 1 by Dg). If dy < d(T) < 24dy, then there is an in-
duced path P C T of length | > dy >3 and O(P) =) ,cp(d(z) —dp(z)) >
(I—=1)(60—2)+2(dp —1)>myg by (1) and D). Since T is an induced tree in
Go and 0y >1, we conclude 9(T) >my. 1

We will proceed in a similar way as in the proof of Theorem 1 in [13]. So
we have to find a partition of V(Gy) into "small” trees 7" with 9(T") > my.

(3) There is a partition of V(Gy) into trees T; C G (i € I) with |T;| <
to,d(T3) <2dy, and O(T;) >my for all i€ 1.

Proof. Consider Vj :={z € Gy : d(x) > mp} and Cy := {C € C(Gy — W) :
d(C) < 2dp},Co :={C € C(Gp — Vp) : d(C) > 2dp}. Every C € C; is a tree
with |[N(C)| > 2 by (2) and (1). Hence, for every C € Cy, we can choose
vertices 2§ # x§ from N(C) C Vj. (In particular, C; # () implies Vy # ().)
Since 7(Ggy) > 4dy +4, we have |[N(C1)NN(Cy)| <1 for all Cy # Cy from
C1. Therefore, L := (Vo, E(Go(Vp)) U {[z{,25] : C € C1}) is a graph. For
every L' C L, we have ||L'|| < f(Hy)|L'|, since otherwise there would be an
Hy in L', hence also in Gy. Therefore, we can partition C; into C{(v € Vp)
such that v € N(C) for all C €C} and |C}| < [f(Ho)| by lemma 2.3. Then
TY:=Go({v}UUcecr V(C)) is a tree (by (2)) with d(T") <4do+2 for ve Vp,
hence 9(T") >d(v) >mg by definition of Vj. Since every C' €Cy is a tree with
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d .
d(C) <2dy and A(C) <mg, we get |C] < i(mo—Q)’ =bg (cf. Dy)). This
i=0

implies |T?| <14 [f(Hy)|bp=to (cf. D5)) for all ve V.

Since every connected graph H with d(H)>2dy can be decomposed into
vertex disjoint, connected, induced subgraphs H; and Ho with d(H;) > dy
for i = 1,2, we can partition every TV with d(T") > 2dy and every C € Co
into vertex disjoint subgraphs T with dy <d(T") <2dy. All these subgraphs
T are trees and O(T') > mg by (2). If T is a subgraph of T, we have seen
above |T'| <tp. If T is a subgraph of a C' € Ca, we get |T| <by <ty as in the
preceding paragraph for C'€(;. ]

Let T, (x € X() be a partition of Gy into trees as in (3), where we have
taken as index of a tree T a vertex x € T. We contract every T, to the vertex
x and get so from Gy a graph H on vertex set X with 7(H) > ;{f_‘;)l >24
and 6(H)>mg by (3) and Dsg).

Choose A in {A":0#£A'CV(H) and |[Ng(A")|<mp} as small as possible.
Then |A|>my, since 6(H) >mg and 7(H ) > 3. Since [Ny (A")| >my for every
h£A ;CéA by the choice of A, by a well known variation of Menger’s Theorem
(see, for instance, Theorem 3.3.1 in [3]), one can find pairwise disjoint edges
ep:=1[b,q(b)]€ E(H) for be B:=Ng(A) with ¢(b) € A, since |A| >mo>|B|.
Set Q:={q(b):be B}.

Let F' arise from H(AU B) by contracting the edge e, to the vertex
q(b) € A for every be B. Then 7(F) > @ > 12, in particular, F' is a graph
and 6(F') > my, since |[Ng(b)NA|>2 for be B by the choice of A. Now we
prove

(4) K(F)>g(eo)+vo-
Proof. Assume S C V(F') separates F. Then there is a C' € C(F' —S) with
[CNE|I< ng;Sl Returning to H by splitting the vertices ¢(b) € F' into b and
q(b) € H, one gets |[Ny(V(C))| < lQQ;Sl—i- IS|+1SNQ| = %—i— |S|+ ‘SQ—Q‘ <

o + 2|S|. But this implies |S|> 22, since [Ny (V(C))| > mg by the choice
of A and V(C)GA. Using D3) and D1), (4) follows, since |F|=[A|>mq. 11

Unlike the proof of Theorem 1 in [13], we face now the problem, whether
there are enough vertices of degree exceeding n in Go(U,caupV (1%)), not
too close together. This can be solved using Lemma 2.1 and the following
result (5), where X :=J,cy V(%) for X C X,.

(5) IGo(AUB)||= (5 +§)| AU B|.

Proof. We need the minimality of the graph G{, considered at the beginning
of the proof of Theorem 1.2. If e=[y1,y2] € F(Gy) took the place of the vertex
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z with Ney (z) ={y1,y2}, we set p(e):=x; otherwise, set ¢(e):=(. Using this
notation, we define X .—ngo( (Go(X))) for X CV(H). (Hence, X = X

for n>4.) Furthermore, set A:=AUB—B.
Suppose ||Go(AUB)|| < (5 + )|AU B|. Then also

(i) |GH(AUB) - E(Gy(B))| < (3 +5)|AUB|
holds, since subdividing an edge maintains the inequality. By the choice of
b and A, B#(), we have

(i) |G — 4| < (3 +¢)|Gp —A.
Addition of (i) and (ii) gives

(iii) [|Gp | = |Gy~ A+ G (AUB)—E(Gy (B)) || < (3+€)| Gy +(3+5) 1Bl -

=

N[

hg—1
- RN Lt B
But (% + §)[B| < (& + §)moty < s by (3) and Dy),

mo—2

since |B| < myg. If we apply Lemma 2.2 to A C V(H), we get |A] >

Bl mo= 1Lh21J 1 o (mo— i My
(mo — |Bl) === =z mo—2

, since 0(H) > myg,|B| < my,

and 7(H) > 25 +) > hg by Dg). Combining with the preceding inequal-

T
ity, this supplies (5 + §)|B| < §lA4] < §|/~1| < §|A|. Using (iii), this implies
|Goll < (5 +€)|Gp, contradicting the properties of Gf. |

All vertices z € A have degree at least 3 in Go:=Go(AUB) by (1), but
there may be some vertices z € B with dg,(z) =1. So we delete from Go
successively all vertices of degree 1, till we come to a graph Gf; of minimum
degree at least 2. In this way, we may have got the tree T}, C T, for x € AUB.
Since |Ng(b) N A| > 2 for every b€ B,|T.| > 1 for x € B and T, =T, for
zeA. For a€Q), say, acq(b) for be B, we define T :=Gy(T,UT}) and for
a€A—Q,T;):=T,. Then T, is a tree for all a € A by (3), since 7(G¢) >4 dp+2.
For X C A, set X* ::Uwex V(T}). Then G§=Go(A*) and, obviously,

5*) Gl = (5 +35)147
holds by (5), and we get F' from G{ by contraction of T to a for a€ A.

Therefore, by (5*), Lemma 2.1, and D7), it is not possible to cover

Van(G§) by less then LioGﬁi
T1,.. @y 0 Var(GE) with des (z,25) > ko for all 1 <i < j < v, since
LEOGjEi > vo by Dg). Say, z; € T; with s; € A for i € Ny, and set
S:={s;:1€Ny, }. Since d(T}) <4dp+1 by (3) and ko >6(2dp+1) > 3(4dp+1)+2

by D7), dgs(wi,xj) > ko implies dp(si,s;) > 3. Especially, [S|= vy, and we

balls By, (z). So, successively, we can find
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can define x, :=x;. So we have found a set S C A of vy vertices s; which have
pairwise distance at least three in F' and z; € g, NV, (Gf) for all i € Ny,.
Now the proof can be completed in the same way as for Theorem 1 in [13].
For convenience of the reader, we repeat the main idea.

Consider the tree T := G§(Ty UN,) with Ny:= Ng: (Ty) for s€S. Then
there is an x4, Ng-fan F; of order n+1 in T_;‘ for every s€ S, since dT—*(st) >

n+1 and §(G}) > 2. Assume, F ends in the (n+1)-set Xs={xl,... 27T} C N
and z’ ET;é for i€N, ;1 and set Ag:={a’:i€N, 1} for s€S. Then A,C A
is an (n+1)-set for s € S and we have ({s}UAs)N({s'}UAy) =0 for all
s # ¢ from S. Since k(F —S) > g(eg) by (4), there are ey disjoint paths
joining any arbitrarily chosen e disjoint pairs from (J,cgAs in F'—S. Then
there are also eg disjoint paths in G§— S* joining the corresponding pairs
from ,cg Xs. Choosing the ey pairs from (J,cgAs in an appropriate way,
the union of the latter paths and the fans F, contains an HyC G CGo with
B(Hy) = {x,: s € S}. (For more details confer the proof of Theorem 1 in
[13].) This contradiction completes the proof of Theorem 1.2. 1
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